CALCULUS I

PROJECT 3

FINDING THE BEST WATER LINE

May 16, 2008 update

Objectives:  In this project you will strengthen your algebra skills, you will use the derivative on a practical problem, you will practice estimating a line of best fit visually, you will practice writing the equation of a line from its graph, you will learn about several ways of measuring the goodness of fit of a line, and you will make some choices of strategy and method in problem-solving. 

The situation:  A trickler hose attached to an outside hose faucet is going to be pulled in a straight line away from the house and turned on, in order to water four nearby bushes.  Using an x-y coordinate system with the faucet at the origin (0,0), and measuring in meters, the four bushes are located at (1,1), (2,3), (3,2), and (5,3).  Your basic task in this project is to choose the “best” line you can find to water all the bushes.
Before you start the project, make a careful graph of the situation on a full sheet of paper.  Reduce the image on a copier so that you can have four of these graphs on one sheet of paper, and make three copies of this sheet.  Keep one copy of this sheet clean of any additional marks, in case you want to make later copies.  Add labels to the individual graphs, in order, as indicated in each of the following steps. 
Because the four points and the origin do not all lie on one line there is no direction for the hose that will make it “hit” or go through each bush.  Thus there will be some error associated with each direction, or “water line.”

1. In order to decide when one water line is better than another we will need a clear way to measure the “error” produced by a given line with equation

.  It turns out that there are several reasonable ways to do this.  Here are three plausible ones all based on the idea of finding the error for a particular bush at coordinates  

 by measuring the “vertical” distance (the distance in the y-direction) from the bush to the line, that is, 

.  Try each of them on the line
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a)
The total error for the water line 

 could be the sum of the four vertical errors 

,  
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b)
The total error for the water line  

 could be the sum of the absolute values of the vertical errors 

, etc.  (This would avoid positive and negative errors canceling each other out.)

c)
The total error for the water line  

 could be the sum of the squares of the vertical errors 

, etc., which also avoids negatives and positives canceling each other out.

On graph A, add the line 
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, and indicate with vertical line segments the errors between the “bushes” and this line.

d)
Describe another method you can think of for measuring total error of a water line 

, one that does not depend on vertical distance from a bush to the hose.  (This does not need to be in algebraic form or involve any calculations.)

2.
The standard method for measuring total error is c) above, the “sum of squares” method.  (This is so precisely because, as you will see in this project, the sum of squares method enables us to use the derivative to find the ideal line!)  Sketch each of the following possible “water lines carefully on Graph B along with the four bushes. 
(a)




(b)



(c)



Just looking at the three lines on Graph B, which of these three possibilities would you say was the “best”?  Which would you say was the second best?  Why?
3.
Now calculate the sum of squared errors for your first and second choices by the method in part 1c).  Which of the two lines gives the smaller sum of squared errors?  Does this surprise you?  Why?

4.
Define what you mean by “best” line, and then on Graph C place a line through the bushes and the origin that looks best to you.  Estimate the slope m of this line.

“Best line” means ...





5.
Add an unknown water line 

 to the bushes on Graph D, and construct an error function for this line, using the sum of squared errors method.  (This will be a formula involving the unknown slope 

, so it will be a function of one variable 

.)


Sum of squared errors 


6.
Using your definition of best line and your formula for sum of squared errors in step 5, use the derivative to calculate the value of 

 that will give the best line.  Do you think it will make a difference whether you take the derivative of S(m) in its unsimplified form, with the aid of the Chain Rule, or first simplify to a standard polynomial?  How does the value of m you found using the derivative compare with the estimate you found graphically in step 4?  What is the total error 
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 for this line?

7.
Now vary the problem by assuming that there is an extension hose that enables you to start the trickler hose from the point (0,2)  instead of the point  (0,0).  Using your definition of best line, redo the process outlined in parts 5 and 6 so that you find the best possible water line of the form

.  Put this line on Graph E.  What is the sum of squared errors 
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 for this optimal line?  Is this an improvement on the line you found in part 6?

8.
Obviously, the most general approach to this problem allows us to start the trickler hose from any point of the form 

.  On Graph F draw in a line that appears to you to be the best-fitting water line possible.  By measuring coordinates for two points, 

 and  

, find the equation of this line in the form 

.  What is the sum of squared errors for this line?  Is this an improvement on your previous lines?

9.
Since the general problem suggested in part 8 involves two unknowns, m and b, it would seem that we can’t directly use calculus to solve it, at least with our present level of knowledge.  But we could certainly come very close to the ideal answer by trying different possible values of b between 0 and 2 such as .1, .2, .3, --- , 1.8 and 1.9, using the same approach as before to find the ideal value of m for each of these, calculating S(m) for each, and picking the best one from among them.  Explain in more detail how this approach could work, and illustrate the method by finding the best m for b=1; show this line on Graph G.
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