Short Exercise in Quantitative Estimation: How many grains of sand are there on a beach? 

Summary:

Short (15 minute) exercise for use in small or large classes. Could also be used in a laboratory. Three parts: (i) students are asked to think about how they would calculate the number of sand grains on a beach, specifically what information is needed. (ii) Example data is supplied to allow a first order answer to the question. (iii) The resulting large number is put in the context of other large numbers that should be relevant to non-scientists.

Goals:
• Increase student confidence in estimation and handling large numbers using scientific notation

• Practice unit conversion and use of the metric system

• Demonstrate the relevance of large numbers to non-scientists

Context:

Could be ued in small or large classes. No equipment required - probably best to discourage the use of calculators. Should take no more than 15 minutes for all three parts, although could be longer if students are encouraged to come up with their own dimensions for the beach and the size of a sand grain.

Plan:

(1) Pose the question – how many grains of sand are there on a beach?

(2) Allow the students to determine the information they need to answer the question

(3) Encourage estimation of some information, and challenge the students’ assumptions (e.g. remember that sand is porous! Gives an opportunity to define porosity)

(4) Explain scientific notation and unit conversion

(5) Provide sample information and give the students time to do the calculation – preferably without the use of calculators.

(6) Get examples from the students of large numbers that are relevant to all citizens

(7) Calculate the dollar value of each grain of sand if the beach represents the US national debt

Part 1. How many grains of sand are there on a beach?

What do we need to know?

• size (volume) of the beach – length, width, depth

• size of the sand grains – shape and dimensions (e.g. diameter)

• will subsequently need to consider porosity, but to start with why not consider perfectly uniform cubic grains…

Part 2. Sample information and calculation

(i) Sample information:

Let’s take a familiar volume – the area of a football pitch (100 yards by 53 1/3 yards to be precise) and cover it with sand to the height of a tall wide receiver (6 ft 6 inches).

We’ll use coarse sand, composed to begin with of uniform cubic mm-sized grains.

(ii) Now take a guess, and write it down on a piece of paper (with student name if a prize is on offer…) 

(A longer exercise suitable for laboratory use or a homework could include constructing an Excel spreadsheet where width, depth, length, grain size, density and porosity are all variables.)

(iii) Now let’s work this out:

First convert to SI units, which may be relatively unfamiliar to some students:

1 yard = 0.9144 meters, so 100 yards = 91.44 meters and 53 1/3 yards = 48.77 meters

1 foot = 0.3048 meters, so 6 feet 6 inches = 1.98 meters

Volume = length x width x depth = 91.44 x 48.77 x 1.98 = 8830 m3 

So how many grains in a cubic meter?

1 meter = 1000 millimeters, so 1 cubic meter = (1 meter) x (1 meter) x (1 meter)







 = 1000 x 1000 x 1000 = 1,000,000,000 or 109






 = 1 billion

so there are 8830 billion grains, or 8.83 x 1012 (8.83 trillion)

(iv) Now let’s be more realistic. Most sand grains are closer to spherical than cubic, and there is quite a bit of space in between the grains (just think how easily water can sink into a sandpit)

So each grain has a volume of 4/3πr3, where r = 0.5 mm. Each grain is 0.52 mm3 

But we also have to account for porosity. Assume random close packing of equal sized spheres (a simplification, but a good place to start), porosity is about 36%.

This means that of our 8830m3 volume filled with sand, 36% is air and 64% is sand grains

64/100 x 8830 = 5651 m3 of sand grains.

Remember this is 5651 x 109 cubic millimeters

So the number of grains is 5651 x 109 divided by 0.52 = 10,867 billion or 10.867 trillion grains.

Writing all the zeroes out, that’s 10,867,000,000,000.

Part 3. Large numbers and the price of a grain of sand

So we have two estimates for the number of sand grains:

8.83 trillion or 10.87 trillion grains.

Sounds like an unfeasibly large number. But it’s not outside the range of numbers that ought to be relevant to all of us in the 21st century:

(i) Earth’s population

Estimated at 6,535,334,080 as of 03.54 GMT on August 18th, 2006 

(http://www.census.gov/main/www/popclock.html)

6.54 x 109 in scientific notation

(ii) US National Debt 

Estimated at $8,404,091,169,400.61 as of 03.23.11 GMT on 28 June, 2006 

(http://www.brillig.com/debt_clock/)
8.4 x 1012 in scientific notation

For our first estimate of sand grains, each one would represent about $1 of national debt.

Using the second estimate, each sand grain is about 8.82 / 10.87 or 81 cents. 

Dividing the sand between everyone on Earth, 8.83 x 1012 / 6.54 x 109 = 1350 grains per person

Or 10.87 x 1012 / 6.54 x 109 = 1662 grains per person

(iii) Geologic Time

The Earth is about 4.55 billion years old.

Each grain of sand is 4.55 x 109 / 8.83 x 1012 = 0.0005 years, or about 4.5 hours of Earth history.

(or 4.55 x 109 / 10.87 x 1012 = 0.00042 years, or about 3 hours 4 minutes)

Comparing with the National Debt, if it had accumulated over geologic time, it would have grown at 8.404 x 1012 / 4.55 x 109 = $1847 per year, or a little over $5 per day.

